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ABSTRACT 

High societal risks are associated with failure of manufactured products but their processing history is often ignored in 

product design and failure analysis. It is assumed that safe life approach will cover for inhomogeneity and randomness in 

material state and that the multistep manufacturing route can be designed by optimizing shape and property at each individual 

step. The result of these assumptions has often been unintended catastrophic failure of product in service. This paper presents 

a novel approach to examine the role of manufacturing defects and their evolution on life of an aeroengine disk. The life of 

disk is decomposed into defect, material state and loading. These states are decomposed into process physics and further into 

design parameters. Advanced numerical models and experimental data are combined in a Bayesian framework involving data 

model and process model and used for design of the forging process. 
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INTRODUCTION 
 

With increased societal reliance on complex engineered 

systems, their performance and failure involves significant 

human and environmental risk, and life cycle costs. The 

higher the complexity of the product and the larger the 

number of associated components, the higher is their 

probability of failure or malfunction. The failure of the 

component leads to the failure of the entire system. 

Examples of high profile malfunctions and failures include 

nuclear meltdown such as Chernobyl or near meltdown at 

Three Mile Island, shuttle disasters such as Columbia or 

Challenger or blow out preventer in oil rig: Deepwater 

Horizon-BP and several disasters in commercial aviation 

including those due to engine failure (Sioux City, Iowa) or 

cabin failure (fuselage, door failures etc.). 

One of the notable aviation disasters occurred on July 

16, 1989 when United Airlines Flight 232 suffered a 

catastrophic failure in one of its engines. This engine failure 

destroyed the plane’s hydraulic systems and the plane lost 

control. It broke up on the runway during the emergency 

landing at Sioux City, Iowa, leading to the death of 111 

people. This crash was a result of fatigue failure initiated by 

the presence of hard-alpha inclusion in titanium alloy fan 

disk [1].  

Examining the processing history of the turbine disc 

(Figure 1), it seen that it manufactured in a sequence of 

steps starting with vacuum melted (VIM/VAR) melted 

ingot that is converted into a billet using hot cogging, hot 

forged, heat treated, ultrasonically inspected for defects, 

machined to final shape, machined (drilling or holes and 

creep feed grinding of fir tree for attachment), surface 

finished and final inspected before shipping. There are 

many approaches to include material processing history into 

the design and evaluation stages of the product 

development many involving extensive testing and 

evaluation at each stages of the manufacturing sequence.  

This reliability based approach is not only very expensive 

but also substantially increases product development time 

and cost. 

In this paper, we present a novel Hierarchical 

decomposition based approach that relates the processing 

conditions (forging in this case) to the micromechanics of 

melt related defects and in turn links these micromechanics 

to the expected performance of the aeroengine, Figure 2.  

The life of aeroengine disk is decomposed into being due to 

three different states: the defect state (material impurities), 

the material state and the loading. These states are then 

decomposed into the process physics which cause the 

states. For example, the Grain size, microstructure and its 

texture etc. define the material state; the applied stress on 

the disk defines its loading etc. These quantities are further 

decomposed into the design parameters affecting them. For 

example, the forging velocity affects the strain and strain 

rate in the defect which affects the defect state and hence 

the life. Finally, the design parameters are decomposed into 
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the actual manufacturing processes which cause them. 

Thus, the forging velocity is controlled by the forging 

process etc. Advanced numerical models and data from 

experiments are combined in a Bayesian framework 

involving the data model and the process model and used 

for the design of the forging process. 

The primary advantage of this approach is that the effect 

of manufacturing path on the final material state can be 

studied and optimized to yield higher service lives and 

reliability. This paper presents this approach by applying it 

to failure due to discrete melt related anomalies in the 

forged disk. 

 

 
 

Figure 1. Manufacturing process of Aeroengine Disk 

 

 

 
 

Figure 2. Physics Based Hierarchical Decomposition of 

Aeroengine Disk 

 

 

MANUFACTURING OF AEROENGINE DISK AND 

INTRODUCTION OF HARD ALPHA 

 

A typical aeroengine consists of four types of disks: low 

and high pressure compressor, and low and high pressure 

turbine disks (Figure 3). The former are made from titanium 

and the latter of superalloys. In this paper we will 

concentrate on the titanium disks made from Ti6Al4V 

alloy.  

Due to the reactive nature of titanium to oxygen and 

nitrogen in the atmosphere, several defects or anomalies are 

generated during the melt processing of titanium alloys into 

ingots. These include macrosegregation of oxygen, beta 

stabilizing elements, and nitrogen-stabilized hard alpha 

particles (LDIs) and high-density inclusions (HDIs). In 

addition to these melt related defects; microstructural, 

textural and damage-type (cracks, pores etc) defects may 

form during ingot to billet conversion process in alpha/beta 

titanium alloys [2].  The two melt related inclusion systems, 

hard-alpha inclusions and high-density inclusions (HDI), 

come principally from the raw materials used. High 

interstitial defects result from high nitrogen or oxygen 

concentrations in sponge, master alloy, or revert [3]. The 

so-called low-density inclusions (LDI) - hard-alpha or 

alpha-I inclusions- originate in a number of different ways, 

but the principal source with high nitrogen contents is in the 

original manufacture of titanium sponge. This alpha 

stabilized phase is very brittle and after mechanical working 

normally contains cracks and may retain some porosity 

from the original sponge structure.    

 

 
 

Figure 3. Cutaway and Cross-section of a high bypass jet 

engine [1]  

 

 

In large-diameter billet used for applications such as 

disk forgings, the specification detection limit is 

approximately 1,100 µm, with a 50 percent probability of 

detection for a defect of 800 µm. The defect has a very low 

occurrence rate in presently-melted alloys, with detection at 

the final forging shape showing approximately one defect 

per 105 parts examined. However, because the defect has a 

long history of creating in-service failures, this occurrence 

rate is deemed to be unsatisfactory, and improvements in 

processing are being continuously implemented.  Figure 4 

includes examples of typical hard alpha inclusions with a 

dimension of 200 µm and defect exceedance curve in rotor 

disks.  

Hard alpha inclusions generally have a TiN core 

surrounded by a layer of α-titanium, which is surrounded by 

a layer of β-titanium. For some cases, nitrogen stabilized ϒ 

phase may be there instead of TiN. The hard alpha 

inclusions can also lead to voids during forging, thus 

increasing the size of potential initiation site. This has also 

been confirmed in [4] by observing that deformed 

specimens had more voids than the undeformed ones. 

A 10 year study was conducted by the Federal Aviation 

Agency (FAA) to study the effect of forging parameters on 

the distribution of hard alpha and its effect on life. The final 

report of the study was published in 2008 and can be read 

for the detailed study [5].  
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In this study FAA conducted a series of experiments by 

artificially seeding Titanium billets with hard alpha and 

subjecting them to different forging parameters to study the 

effect of forging on the movement of hard alpha. Based on 

these experiments, a numerical microcode was developed 

with the purpose of predicting the location of hard alpha 

during the forging. 

 

 
 

Figure 4. Defect exceedance curve for titanium rotor disk 

materials [15] 

 

 

The accomplishments of this study were: 

 Developed and tested microcode to predict shape and 

orientation of hard alpha defects  

 Microcode was added-on to the commercial macro 

deformation code DEFORM
TM 

 

 Generated constitutive property data for hard alpha and 

diffusion zone  

 Developed relationships between defect deformation 

and forging macro strain  

o Predict defect deformation quickly and accurately 

via regression equations  

 Developed life prediction tool DARWIN 

 

LIFE OF AEROENGINE DISK 

 

There has been a lot of research into predicting the life 

of aeroengine disk and also to model the failure of the disk. 

These approaches can be broken into three major 

categories: 

 

Approach 1: Testing and inspection for reliability 

 

Critical  rotating  components in an aeroengine,  such  as  

compressor  disks,  spacers,  cooling  plates and turbine 

disks,  are  subjected to cyclic  stresses  caused  by  engine 

start-up  and  shutdown,  as well  as  by  major  throttle  

excursions  during  flight  maneuvers.  These  cyclic  

stresses  can exceed  the  yield  strength  of the  material  at  

stress-concentration  sites leading to low cycle  fatigue 

cracking. A  safe  life  method  is  conventionally  used  to  

determine  the  in-service  life  of rotating  gas turbine  

components.  In this procedure a safe  service  life  for the 

component  is obtained  from  component  and  specimen  

tests  of the appropriate  material  under sample  loading  

conditions.  The component  life  is  calculated  by  fitting  a  

statistical model  to  the  fatigue  results,  and  the  life  is  

determined  based  upon  the probability  of crack initiation  

after a  period  of engine  usage,  calculated  using  

mathematical  models [6].  

 

Approach 2: Probabilistic fracture mechanics 

 

One of the main probabilistic fatigue life tools 

developed is DARWIN by South West Research Institute 

(SWRI). DARWIN
TM

 is designed to provide an easy-to-use 

and accurate tool for engineers to compute the probability-

of-fracture of a rotor disk with and without inspection. The 

hard alpha defects may be randomly distributed within a 

disk, and, therefore, a zone-based risk integration approach 

is used to account for the uncertainty of location. A zone is 

a grouping of material such that all sub-regions in the zone 

have a generally uniform stress state, and the same fatigue 

crack growth properties, inspection schedules, probability 

of detection curves, and anomaly distribution. In other 

words, the risk computed for any sub-region of material of 

the zone will be the same (or nearly so); and, therefore, the 

subregions are grouped into a zone [5].  

The methodology assumes, at most, only one 

significant anomaly exists in the disk (the probability of 

two or more anomalies in a disk is negligible). Also, it 

assumes that the non-significant anomalies do not interact 

to affect the life. The probability-of-fracture of the disk can 

be obtained from the equation 

P[disk] = P[fracture in at least one zone] =  

…..(1)  

Some of the features which are missing in this model are: 

1. In rolling contact fatigue (RCF) testing the stress is 

kept uniform while in low cycle fatigue (LCF) testing 

the strains are kept constant. In DARWIN only the 

stresses can be defined within a zone. 

2. There is no spatial uncertainty considered within a 

particular zone. 

3. It is assumed that the risk will be same for a subregion 

which might not be the case when microstructure plays 

a more dominant role. 

 

Approach 3: Modeling Physical Phenomena 

 

One of the different ways of modeling of variability in 

material properties is by use of heterogeneity in physics 

based models. The main research work in this area are: 

a) Representative volume element (RVE) by Vornoi 

cell tessellation (Ghosh et. al. [7]) – In this approach the 
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heterogeneity in the material is modeled at the element 

level in FEM. This heterogeneity is then randomized over 

the entire material and is then used for modeling the 

fracture mechanisms. 

b) Modeling heterogeneity at element level to 

understand the crack growth mechanisms and fracture 

mechanisms at element level as by McDowell et. al [8] 

c) Stochastic Grid Collocation approach has been 

used by Zabaras et. al. [9] to capture the variability at the 

material level.  

 

HIERARCHICAL DECOMPOSITION OF 

AEROENGINE DISK MANUFACTURING 

 

To overcome the main disadvantages of the physical and 

probabilistic models and to design the aeroengine disk 

manufacturing process for reduced failure, the hierarchical 

decomposition of the process was done (figure 2).  

To achieve this decomposition, Bayesian Hierarchical 

Modeling is used. Let [X] represent a probability 

distribution for a random variable X; [X|Y] represents the 

conditional probability distribution of X given Y. Bayes’s 

theorem provides a mechanism for updating our prior 

distribution [X] based on data, say, Y. That is, the posterior 

distribution (i.e., after observing the data) is  

[X|Y]  = [Y|X] [X] / [Y] …………………(2) 

where, for a continuous variable X, [Y] = ∫[Y|X][X]dX. The 

basic concept of hierarchical modeling is the notion of 

conditional thinking. The joint probability distribution of a 

collection of random variables X1, . . ., Xk can be 

represented as a product of conditional distributions:  

[X1, . , Xk] =  [X1|X2, . , Xk] [X2|X3, . , Xk]  ... [Xk]  ….(3) 

In any process, we are interested in finding the output 

given the input and observables (prediction) and also the 

inverse (design). In both the cases we need the joint 

probability distribution of all the variables. Let us denote 

the data by D and the process by P. 

We assume that there are statistical parameters Θ 

(typically error variance, but possibly parameters 

accounting for factors other than variability) and physical 

parameters η. We apply Bayes’ theorem to model the joint 

uncertainty of all the quantities involved, making some 

assumptions along the way, which are related to the 

physical process. Thus,  

[P, D, Θ, η] = [D|P, Θ, η] [P| Θ, η] [Θ, η]    ……..(4)   

The first term is the data model, the second term is a 

prior physical process model and the last term is a prior 

model for the statistical and physical parameters, called the 

prior parameters model. This formulation has been used 

extensively in the modeling of geophysical systems [10] 

and has later been adapted by researchers in fields like 

climate modeling and personal exposures [11], but has not 

been used in the manufacturing domain. This has the 

advantage that all the unknowns are treated as random and 

more complicated models can be easily incorporated in the 

same setup. The methodology and the model formulation 

does not change as more and more data becomes available 

and new knowledge about the process can also be 

incorporated in the physical process model at any point of 

time. 

Let us assume that the life of the component is 

measured and is denoted as L. Then we can define the 

following: 

L: Life 

M: Defect state for the hard alpha (like X-movement of 

hard alpha, rotation of hard alpha etc.) 

I: Internal State variables for both the matrix and the 

inclusion (strain, strain rate etc.) which affect M 

F: Process variables (forging speed, preform height etc.) 

To understand the complex mechanism which affects 

the variables defined above, we need to model the joint 

probability distribution of all these components, which can 

be denoted by [L, M, I, F]. Through conditional 

distributions, this joint pdf can be decomposed as: 

[L, M, I, F] = [L | M, I, F] [M | I, F] [I | F] [F] …… (5) 

Our aim is to find this joint distribution based on the 

observed data D. However, we would like to use the 

Bayesian framework to learn about the underlying variables 

and parameters. Using the likelihood in (5) and the prior 

distribution on process parameters F, the posterior 

distribution is given by: 

[L, M, I, F | D] ∞ [D | L, M, I, F] [L, M, I, F]  …….. (6) 

Here [D | L, M, I, F] = Data model  and [L, M, I, F]  = 

Process model 

To capture the process model, numerical or virtual 

modeling of the forging process is done using the FEM. 

The aim is to capture the internal state and the process 

which affects the defect state during the process and hence 

affects the life.  

Moreover, we have assumed a single defect or hard 

alpha anomaly which influences the life. To model this 

defect inside the titanium matrix, we use multi-body 

approach of FEM in which the titanium matrix and the hard 

alpha anomaly are treated as two separate bodies with 

interactions.  

 

PROCESS MODELS: MODELING DEFORMATION 

OF HARD ALPHA 

 

A comprehensive study of behavior of hard alpha during 

forging is included in the result of Turbine Rotor Material 

Design (TRMD) project. A constitutive relation was 

developed with consideration of pressure, nitrogen content, 

and fracture. The constitutive properties of hard alpha 

titanium have been studied in TRMD project and published 

in [5]. Materials with different nitrogen content show that 

under normal forging condition material with less than 4% 

nitrogen can be plastically deformed. The flow data of Ti-

6Al-4V from material data base of FORGE is represented in 

Hansel-Spittel rheology law: 
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where σf is the flow stress, ε  is the strain,   is strain rate, T 

is the temperature, A1, m1, m2, m3, m4 are material constants. 

The details of the model are given in [12].  

To accurately predict the behavior and location of such 

anomalies during forging, multi body model was 

formulated. In addition in the FAA reports results of 

experiments are reported in which hard-alpha seeds are 

artificially integrated in titanium-64 billets. Seeds with 

different nitrogen content and orientation were placed in 

designed locations for various billets and isothermally 

forged into dogbone shaped forgings which are further hot-

die forged into disk forgings. Ultrasonic inspections were 

made before and after forging, and selected seeds were 

cutup to measure the dimension. One of the forging results 

reported are for the forging labeled SB-1 (seeded billet 1). 

Six different seeds were placed in six billets in different 

orientations.  

 

Model Validation 

 

Seed 3 was chosen for the calibration of model because it 

was located near the boundary and is most likely to flow the 

most during the forging. This seed had 12%N in the core 

and 2%N as a diffusion zone and was located axially in the 

billet. The core (12%N) was a cylinder of height 0.100” and 

diameter of 0.100”. The diffusion zone (2%N) was a 

cylinder of height 0.200” and diameter 0.200”. The billet 

was 6.5” in diameter and 16” height. 

The forging was set up using the same conditions as 

the experiments (isothermal, with billet at 950
0
C and dies at 

600
0
C, forging speed of 5 mm/s and with a friction factor of 

m=0.3.). The model was set up as 1/8
th
 of the total model to 

optimize the computation time. The different aspects which 

were decided to be compared are: 

(a) Final location (centroid) of the hard alpha after 

deformation 

(b) Axial, radial and hoop dimensions of the diffusion zone 

(DZ) after deformation 

(c) Axial, radial and hoop dimensions of the hard alpha 

(HA) after deformation 

 

 

Table 1. Location of hard alpha in forging 

 

Measurement X location Y location 

Ultrasonic Inspection 5.01” 5.38” 

FORGE3 4.99” 5.37” 

 

Results 

 

The final location of the centroid of HA from ultrasonic 

inspections of forgings and FORGE model are shown in 

Table 1. The final shapes of the DZ and HA are shown in 

Figure 5. These results match very closely with the 

experiemntal results and hence the model was validated. 

 

 
 

Figure 5. Shapes of DZ (left) and HA (right) after 100% 

deformation 

 

 

EFFECT OF PROCESSING PARAMETERS ON THE 

MOVEMENT AND ROTATION OF HARD ALPHA 

 

The numerical model was further used to study the 

effect of processing conditions such as the nitrogen content 

of hard alpha (affects the flow stress), preheating 

temperature of the workpiece and velocity of the die, results 

are included in Figure 6.  In pancake forging, the cylindrical 

billet (diameter 162.6 mm) is reduced in height from 289.6 

mm to 99.4 mm. The starting temperature of the billet is the 

same with the temperature of the flat dies at 600
0
C. For 

numerical experiments, two billet preheating temperatures 

were taken 850
0
C and 950

0
C, and three die speeds 5 mm/s, 

70 mm/s and 700 mm/s to represent different forging 

equipment. The dimensions of the alphas seed were height 

5.08 mm and diameter 5.08 mm.  

It is seen that forging temperature and die velocity do 

not affect the displacement of the inclusion but 

considerably affect the rotation and the deformation of the 

inclusion. This is primarily due to increase in flow stress 

(and rotation) with lower temperatures and higher die 

velocities.. 

 

 
 

Figure 6. Seed micromechanics during pancake forging 
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The second step in forge processing is forging the 

pancake into a compressor disk. Figure 7 includes 

displacements, rotations and deformation experienced by 

the inclusion during this step when the original pancake 

was forged at 850
0
C and 5 mm/s.  It is seen that die speed 

has a major influence on the displacement and deformation 

of the inclusion at a fixed preheat temperature, and a small 

effect on inclusion rotation. On the other hand, preheat 

temperature mainly affects the inclusion deformation. 

  

 
 

Figure 7. Displacement and rotation of the inclusion during 

disk forging 

 
 
EFFECT OF FORGING VELOCITY AND BILLET 

TEMPERATURE ON THE MOVEMENT AND 

ROTATION OF HARD ALPHA AND 

CONSEQUENTLY TO LIFE 

 

Let us assume that the defect state is completely 

characterized by the location and rotation of hard alpha.  

Also, let us assume that these parameters are only affected 

by the forging velocity and billet temperature. Thus, our 

posterior model can be written as: 

[L, M, I, F | D] ∞ [D | L, M, I, F] [L, M, I, F] ……(8) 

Where: 

 L represents the life of the disk 

 M has two components representing the X-movement 

(X) and rotation (Theta) for the hard alpha 

 I has two components IM and IH representing Strain (ε) 

and Strain rate (έ) for the matrix and hard alpha 

respectively. The values for matrix will have subscript 

m. 

 F has two components Velocity (V) and Temperature 

(T) 

 DL represents the life data 

 DX and DTheta represent the X-movement and rotation 

data for the hard alpha respectively 

 Dε and Dέ represent the strain the strain rate data for 

hard alpha 

 Dmε and Dmέ represent the strain the strain rate data 

for titanium matrix 

 DV and DT represent the Velocity and temperature data 

respectively 

The different components of the Hierarchical Bayesian 

Model are: 

Data model: [DL, DX, DTheta, Dε, Dέ, Dmε, Dmέ, DV, DT | L, 

X, Theta, ε, έ, εm, έm, V, T]  

Process model: [L, X, Theta, ε, έ, εm, έm, V, T ] 

 

Data Model: Combining Datasets 

 

Using Bayesian modeling, we will try to simplify the 

conditional structure in the above equation based on process 

knowledge. 

[DL, DX, DTheta, Dε, Dέ, Dmε, Dmέ, DV, DT | L, X, Theta, ε, έ, 

εm, έm, V, T]  

= [DL | L] [DX | X] [DTheta | Theta] [Dε | ε] [Dέ | έ] [Dmε | εm] 

[Dmέ | έm] [DV | V] [DT | T] ……(9) 

The assumptions made here are: 

1) The data for the X location and the theta are 

independent of each other given their process models. 

Hence, the dependence between these data comes from 

the process itself and not the observed data. 

2) The strain and strain rate are independent of each other 

given their process models. If we know the forging 

process model, we can determine the strain and strain 

rate. 

3) The forging velocity and the billet temperature are set 

individually by the engineers. Hence the data of these 

process parameters is independent of each other. 

Furthermore, we assume each of these independent 

pdfs to be normally distributed. Although more complicated 

models can be built, for sake of simplicity normal models 

are assumed in this work. 

 [DL
i
 | L

i
] ~ N (L

i
, σ

2
L)   ………..(10) 

[DX
i
 | X

i
] ~ N (X

i
, σ

2
X) ……………(11) 

[DTheta
i
 | Theta

i
] ~ N (Theta

i
, σ

2
Theta) ……(12) 

[Dε
i
 | ε

 i
] ~ N (ε 

i
, σ

2
 ε) ……………….(13) 

 [DV
i
 | V

i
] ~ N (V

i
, σ

2
V) ……………………(14) 

[DT
i
 | T

i
] ~ N (T

i
, σ

2
T) ………………(15) and so on 

Where, i = 1, 2, ….., N represent the N samples 

 

 

 
 

Figure 8. Results of fatigue test used for data model [5] 
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The life data used for DL was used from the TRMD 

report based on their experimentation and is given in Figure 

8. These data points also have the process conditions which 

were used to generate the other data.  

 

Process Model 

 

The aim of developing the process model is that given a 

suitable conditional chain (ordering of variables subset) we 

can assume some conditional independence to simplify the 

model. Hence, we can order the joint pdf of the process 

model as: 

[L, X, Theta, ε, έ, εm, έm, V, T] =  

[L | X, Theta, ε, έ, εm, έm, V, T] [X | Theta, ε, έ, εm, έm, V, 

T] [Theta | ε, έ, εm, έm, V, T] [εm | έm, ε, έ, V, T] [έm | ε, έ, V, 

T] [ε | έ, V, T] [έ | V, T] [V | T] [T] …… (16) 

We assume that the life is completely defined by the 

location and rotation of hard alpha based on the FAA 

experiments. Also, conditional on the strain in hard alpha, 

strain rate of hard alpha, strain of titanium, strain rate of 

titanium and the process parameters, X and Theta are 

independent. Therefore, 

[L, X, Theta, ε, έ, εm, έm, V, T ]  =  

[L | X, Theta] [X | εm, έm, ε, έ, V, T] [Theta | εm, έm, ε, έ, V, 

T] [εm | έm, ε, έ, V, T] [έm | ε, έ, V, T] [ε | έ, V, T] [έ | V, T] 

[V | T, φ] [T] …………………(17) 

 

Similarly, we assume that  

a) X and Theta are can be completely calculated if we 

know strains and strain rates in the hard alpha and the 

titanium matrix surrounding it during the forging 

process.   

b) Strains do not depend on the strain rate during the 

forging process but only on the process parameters 

(velocity and temperature in this case). 

The assumptions of independence are strong and can lead to 

erroneous results when they are not satisfied. More 

complicated models relaxing these assumptions can be 

made in the future and will be explored in future research. 

In this work these assumptions were made due to the 

limited data available. 

 

Therefore, 

[L, X, Theta, ε, έ, εm, έm, V, T]  =  

[L | X, Theta] [X | ε, έ, εm, έm] [Theta | ε, έ, εm, έm] [εm | V, 

T] [έm | V, T] [ε | V, T] [έ | V, T] [V | T] [T] ……(18)  

Finally, the forging velocity and billet temperature are 

process settings and can be set independently of each other. 

The forging engineer can set the velocity on the press and 

temperature of the billet in the furnace without affecting 

each other. The final process model can then be written as: 

[L, X, Theta, ε, έ, εm, έm, V, T]  =  

[L | X, Theta] [X | ε, έ, εm, έm] [Theta | ε, έ, εm, έm] [εm | V, 

T] [έm | V, T] [ε | V, T] [έ | V, T] [V] [T] …………(19)  

The aim now is to define each of these individual 

conditional probability distribution functions.  

a) [L | X, Theta] 

This conditional distribution defines the relationship of 

the Life with the location and rotation of hard alpha. We 

assume linear relationship between the life and the location 

and rotation. Mathematically, we can write this as: 

[L | X, Theta, µL, βX, βTheta, σ
2

LL]  = ∏   
   [Li | Xi, Thetai, 

µL, βX, βTheta, σ
2
LL] …….. (20) 

Where it is assumed that 

[Li | Xi, Theta, µL, βX, βTheta, σ
2
LL] ~ N (µL + ∑   

    (β Xi + 

βTheta XTheta) , σ
2
LL)…(21) 

 

b) [X | ε, έ, εm, έm] 

The X movement of hard alpha during the forging 

process is dependent on the internal state variables (strain 

and strain rate) both of the matrix and the hard alpha itself. 

There is another thing to notice here. This movement is not 

only defined by the final strains and strain rates, but on the 

path and the transition strains and strain rates. This can be 

defined as a state transition probability through the Markov 

Chains. 

X
t+1

 = f (X
t
, ε

t
, έ

t
, εm

t
, έm

t
)   ………..(22) 

Or,  

[X | εm, έm, ε, έ] = [X
1
] ∏     

   [X
t+1

 | X
t
, εm

t
, έm

t
, ε

t
, έ

t
] ..(23) 

Where, [X
1
] is the initial location of the hard alpha prior 

to the forging. This is usually defined by the melting 

process which determines distribution of a defect inside a 

billet. These distributions are obtained by extensive 

ultrasonic testing on the billets after melting. We assume 

this Markov model to be: 

 

X
t+1 

= FX
t
 + Gε

t
 + Hέ

t
 + GMεm

t
 + HMέm

t
 + η

t
   ….(24) 

Where, η
t
 ~ N(0,σ

2
) 

This formulation is consistent with the theory of 

plasticity and FEM formulation. From the FEM data we can 

find the matrices F, G, GM, H and HM. 

 

c) [Theta | ε, έ, εm, έm] 

This distribution is similar to the previous distribution 

as we are defining the rotation conditional on the internal 

state variables.  

 

d) [ε | V, T, φ] and [εm | V, T, φ] 

The strains inside the billet during the forging process 

can be divided into three different types: the elastic strain 

(ε
e
), [the plastic strain (ε

p
) and the thermal strains (ε

t
). 

During the forging process, the billet undergoes plastic 

deformation, hence the elastic strains are negligible. 

Moreover, the disk forging of Titanium is an isothermal 

forging process and therefore the thermal strains are also 

negligible. Therefore, the only strains we will consider here 

are the plastic strains (ε
p
) which are dependent only on the 

velocity. The distribution [ε | V, T, φ] therefore reduces to 

[ε | V]. Again, to model the relationship in a simple manner, 

we assume 

 

[ε
i
 | V

i
] ~ N (V

i
, σ

2
εε)   ………………..(25) 
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[εm
i
 | V

i
] ~ N (V

i
, σ

2
εεm)   …………………(26) 

 

e) [έ | V, T, φ] and [έm | V, T, φ] 

Analogous to the strains, we assume that the 

component of strain rate which affects the movement and 

rotation of hard alpha is the plastic strain rate (έ
p
). This 

strain rate is defined by: 

έ
p
 = V/l, where l is the original height of the billet. 

Hence, we define the distribution of έ
p
 as: 

 

[έ
i
 | V

i
] ~ N (V

i
 / l, σ

2
έέ)   ………………..(27) 

[έm
i
 | V

i
] ~ N (V

i
 / l, σ

2
έέm)  ……………….(28) 

 

f) [V | φ] and [T | φ] 

Both these functions determine the prior distributions 

of the design variables or the process conditions. These 

prior distributions are based on the engineering settings of 

the plant and represent the variation occurring during the 

forging process. To simplify the analysis, we assume these 

to be normally distributed with a certain mean and variance. 

 

[V
i
 | φ] ~ N (µVV, σ

2
VV)  …………….(29) 

[T
i
 | φ] ~ N (µTT, σ

2
TT) ……………..(30) 

 
MODEL BUILDING AND ANALYSIS 

 

The above specified model was created in WinBugs 

[13]. FEM simulations of the movement and rotation of 

hard alpha were done in FORGE and the data from these 

simulations was used as the dataset for model building. The 

effect of two different velocities (5 mm/s and 70 mm/s) and 

two different temperatures (850
0
C and 950

0
C) was studied. 

WinBugs follows the MCMC simulations based on the 

general idea presented by Gelfand and Smith [14]. The 

results of the MCMC simulations with the different 

variables are shown in Figure 9. These plots show that the 

MCMC simulation has converged and the results can be 

used to build the Bayesian network. 

Based on the Bayesian Hierarchical models developed, a 

simplified directed acyclic graph is drawn for the life. The 

arrows represent the conditional independence structure of 

the model and the values represent the median with the 95% 

credible intervals for the parameters linking the variables. 

The values of the parameters are calculated by taking the 

scaled values of the data [{variable – mean(variable)} / 

standard deviation (variable)]. This is done so that the linear 

relationships between the different variables can be 

compared easily.  

For the sake of simplicity, only the variables for which 

the parameters do not contain a 0 in their credible intervals 

are shown in these graphs. A representative graph is shown 

in Figure 10. The network shows that the X-location plays a 

more important role than the rotation in determining the 

life.  

 

 
Figure 9. Diagnostic and Posterior plots of MCMC for β 

and βTheta 

 

DESIGN OF FORGING PROCESS 

 

Let us consider a situation in which we have a billet 

with known location of hard alpha and known composition. 

We need to design the forging process so that the life of the 

aeroengine in the presence of these defects can be 

maximized. The various design features which need to be 

considered are: 

1) Design of the preform height 

2) Design of the preform diameter 

3) Selection of velocity of forging 

4) Selection of temperature of billet 

This case study gives an example of such a situation by 

considering various scenarios and designing these features 

based on the different scenarios. 

 

 

 
 

Figure 10. Bayesian Network of the case study 

 
In this case study, 4 different locations of the hard 

alpha in the initial billet and two different chemical 

compositions (2%N, 4%N) were chosen and the design was 
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run for these locations. It is assumed that a melted billet 

will have only one of these defects and will have only one 

of the chemical compositions. The design however can be 

extended for various different cases.  

The hard alpha is assumed to be of the same size and 

shape in all the locations. This is based on inspection results 

and studies by previous researchers. The hard alpha is 

assumed to be a cylinder with diameter of 5.08 mm and 

height of 5.08 mm. These locations are identified as Loc1, 

Loc2, Loc3 and Loc4 in Figure 11. All the hard alphas are 

assumed to have an equal probability of formation = 0.003 

and probability of detection = 0.5. 

The Bayesian network estimated was used for the design 

of the forging process in all the four cases. The aim of the 

analysis was to maximize the life. Predictive modeling is 

easy in Bayesian case because we can specify the inputs as 

stochastic nodes without any data value and the output will 

the predictive distribution for that particular node. A series 

of values for the design parameters (height, diameter, 

velocity and temperature) were selected for each location of 

hard alpha and the predictive distribution of the life was 

obtained in each case. The life was normalized to 1.0 for 

comparison. The values chosen for the parameters were: 

Height: 160, 190, 210, 250, 290 mm 

Diameter: 240, 200, 180, 170, 160 mm corresponding to 

each height (When height = 160mm, diameter = 240mm 

and so on) 

Velocity: 5, 20, 50, 100, 200 mm/sec 

Temperature: 850, 900, 950 
0
C 

The expected life is then plotted with respect to the 

different design variables and the results are shown in 

Figure 12.  

 

 
 

Figure 11. Location of hard alphas for design study (Note 

that each billet contains only one of these hard alphas). 

 

These plots show the following: 

1) Based on the location and chemical composition of 

hard alpha, the design of the forging process changes 

2) Some of the preform designs exhibit higher variability 

with different velocities and temperatures than some 

other designs 

For example, if it is found that the melted ingot 

contains hard alpha with a composition of 2%N at location 

1, the maximum life which can be obtained for the disk is 

0.72. To obtain this life, the preform has the height of 210 

mm and diameter of 180 mm. Furthermore, the velocity and 

temperature of the forging do not play a major role in the 

life for this preform design. On the other hand, if a velocity 

of 50 mm/sec is desired for some other aspect of the 

forging, than the preform height can be set at 180 mm. At 

this preform height, the life of the disk can be maximized 

for the above said velocity. Hence, there is a strong 

interplay between the preform design and the forging 

parameters and both these need to be carefully selected 

based on the incoming billet for optimal design of the disk. 

 

CONCLUSIONS 

 

A novel Hierarchical decomposition based approach is 

proposed that relates the processing conditions (forging in 

this case) to the micromechanics of melt related defects and 

in turn links these micromechanics to the expected 

performance of the aeroengine.  The life of one aeroengine 

disk is decomposed into being due to three different states: 

the defect state, the material state and the loading. These 

states are then decomposed into the process physics which 

cause the states. These quantities are further decomposed 

into the design parameters affecting them. For example, the 

forging velocity affects the strain and strain rate in the 

defect which affects the defect state and hence the life. 

Finally, the design parameters are decomposed into the 

actual manufacturing processes which cause them. 

Advanced numerical models and data from experiments are 

combined in a Bayesian framework involving the data 

model and the process model and used for the design of the 

forging process. 
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Figure 12. Life estimates for different design variables 
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